Abstract. We describe some recent results on the dynamics of Lorenz-like attractors Λ: (1) there is an invariant foliation whose leaves are forward contracted by the flow; (2) there is a positive Lyapunov exponent at every orbit; (3) they are expansive and so sensitive with respect to initial data; (4) they have zero volume if the flow is C 2 ; (5) there is a unique physical measure whose support is the whole attractor and which is the equilibrium state with respect to the center-unstable Jacobian.
Introduction
In this note M is a compact boundaryless 3-manifold and X 1 (M ) denotes the set of C 1 vector fields on M endowed with the C 1 topology. The notion of singular hyperbolicity was introduced in [8] where it was proved that any C 1 robustly transitive set for a 3-flow is either a singular hyperbolic attractor or repeller. A compact invariant set Λ of a 3-flow X ∈ X 1 (M ) is singular hyperbolic if all the singularities in Λ are hyperbolic, and the tangent bundle T Λ decomposes in two complementary DX-invariant bundles E s ⊕ E cu , where: E s is one-dimensional and uniformly contracted by DX; E cu is bidimensional, contains the flow direction, DX expands volume along E cu and DX | E cu dominates DX | E s (i.e. any eventual contraction in E s is stronger than any possible contraction in E cu ). Note that the presence of a singularity together with regular orbits accumulating on it prevents any invariant set from being uniformly hyperbolic [6] .
In the study of the asymptotic behavior of orbits of a flow X ∈ X 1 (M ), a fundamental problem is to understand how the behavior of the tangent map DX determines the dynamics of the flow X t . The main achievement along this line is the uniform hyperbolic theory: we have a complete description of the dynamics assuming that the tangent map has a uniformly hyperbolic structure [6] .
In the same vein, under the assumption of singular hyperbolicity one can show that at each point there exists a strong stable manifold and that the whole set is foliated by leaves that are contracted by forward iteration. In particular this shows that any robust transitive attractor with singularities displays similar properties to those of the geometrical Lorenz model. It is also possible to show the existence of local central manifolds tangent to the central unstable direction. Although these central manifolds do not behave as unstable ones, in the sense that points on them are not necessarily asymptotic in the past, the expansion of volume along the central unstable two-dimensional direction enables us to deduce some remarkable properties.
The dynamical results
We start by classifying their singularities: they are Lorenz-like, i.e. the eigenvalues at the singularities satisfy the same inequalities as the corresponding ones at the singularity in a Lorenz geometrical model. The following shows in particular that the notion of singular hyperbolicity is an extension of the notion of uniformly hyperbolic attractor. Theorem 2.3. Let Λ be a singular hyperbolic compact set of X ∈ X 1 (M ). Then any invariant compact set Γ ⊂ Λ without singularities is uniformly hyperbolic.
A consequence of Theorem 2.3 is that every periodic orbit of a singular hyperbolic attractor is hyperbolic. The existence of a periodic orbit in every singularhyperbolic attractor was proved recently [5] and also a more general result was obtained [4] . Theorem 2.4. Every singular hyperbolic attractor Λ has a dense subset of periodic orbits.
In the same work [4] it was announced that every singular hyperbolic attractor is the homoclinic class associated to one of its periodic orbits. Recall that the homoclinic class of a periodic orbit O for X is the closure of the set of transversal intersection points of it stable and unstable manifold:
This result is well known for the elementary dynamical pieces of uniformly hyperbolic attractors.
Denote by S(R) the set of surjective increasing continuous real functions h : R → R endowed with the C 0 topology. The flow X t is expansive on an invarian compact set Λ if for every ǫ > 0 there is δ > 0 such that if for some h ∈ S(R) and x, y ∈ Λ dist(X t (x), X h(t) y) ≤ δ for all t ∈ R, then X h(t0) (y) ∈ X [t0−ǫ,t0+ǫ] (x), for some t 0 ∈ R. A stronger notion of expansiveness was introduced by Bowen-Ruelle [6] for uniformly hyperbolic attractors.
Komuro proved [7] that a geometrical Lorenz attractor Λ is expansive. In particular, this implies that this kind of attractor is sensitive with respect to initial data, i.e., there is δ > 0 such that for any pair of distinct points x, y ∈ Λ, if dist(X t (x), X t (y)) < δ for all t ∈ R, then x is in the orbit of y. Theorem 2.5. Let Λ be a singular hyperbolic attractor of X ∈ X 1 (M ). Then Λ is expansive.
Corollary 2.1. Singular hyperbolic attractors are sensitive with respect to initial data.
Recently [1] a generalization of the results of Bowen-Ruelle [6] was obtained showing that a uniformly hyperbolic transitive subset of saddle-type for a C 1+α flow has zero volume, for any α > 0. We denote the family of all flows whose differentiability class is at least Hölder-C 1 by C 1+ .
Theorem 2.6. A C 1+ Lorenz-like attractor has zero volume.
This can be extended to the following dichotomy. Recall that a transitive Anosov vector field X is a vector field without singularities such that the entire manifold M is a uniformly hyperbolic set of saddle-type.
Theorem 2.7. Let Λ be a singular hyperbolic attractor for a C 1+ 3-dimensional vector field X. Then either Λ has zero volume or X is a transitive Anosov vector field.
It is an interesting question to provide a C 1 flow exhibiting a Lorenz-like attractor with positive volume.
The Ergodic Theory of singular-hiperbolic attractors
Another main result [3] is that typical orbits in the basin of every singularhyperbolic attractor, for a C 2 flow X on a 3-manifold, have well-defined statistical behavior: for Lebesgue almost every point the forward Birkhoff time average converges, and is given by a certain physical probability measure. It was also obtained that this measure admits absolutely continuous conditional measures along the center-unstable directions on the attractor. As a consequence, it is a u-Gibbs state and an equilibrium state for the flow. Theorem 3.1. A C 2 singular-hyperbolic attractor Λ admits a unique ergodic physical hyperbolic invariant probability measure µ whose basin covers Lebesgue almost every point of a full neighborhood of Λ and satisfies
Recall that an invariant probability measure µ for a flow X is physical (or SRB ) if its basin
has positive volume in M .
Here hyperbolicity means non-uniform hyperbolicity of the probability measure µ: the tangent bundle over Λ splits into a sum T z M = E s z ⊕ E X z ⊕ F z of three one-dimensional invariant subspaces defined for µ-a.e. z ∈ Λ and depending measurably on the base point z, where µ is the physical measure in the statement of Theorem 3.1, E X z is the flow direction (with zero Lyapunov exponent) and F z is the direction with positive Lyapunov exponent, that is, for every non-zero vector v ∈ F z we have
We note that the invariance of the splitting implies that
The u-Gibbs property of µ is stated as follows.
Theorem 3.2. Let Λ be a singular-hyperbolic attractor for a C 2 three-dimensional flow. Then the physical measure µ supported in Λ has a disintegration into absolutely continuous conditional measures µ γ along center-unstable surfaces γ such that dµγ dmγ is uniformly bounded from above. Moreover Supp(µ) = Λ .
Here the existence of unstable manifolds is guaranteed by the hyperbolicity of the physical measure: the strong-unstable manifolds W uu (z) are the "integral manifolds" in the direction of the one-dimensional sub-bundle F , tangent to F z at almost every z ∈ Λ. The sets W uu (z) are embedded sub-manifolds in a neighborhood of z which, in general, depend only measurably (including its size) on the base point z ∈ Λ. The strong-unstable manifold is defined by
and exists for almost every z ∈ Λ with respect to the physical and hyperbolic measure obtained in Theorem 3.1. We remark that since Λ is an attracting set, then W uu (z) ⊂ Λ whenever defined. The central unstable surfaces mentioned in the statement of Theorem 3.2 are just small strong-unstable manifolds carried by the flow, which are tangent to the central-unstable direction E cu . A work in progress by Regis Castijos, a graduate student at the Federal University of Rio de Janeiro, proves that the physical measure of a robustly transitive singular-hyperbolic attractor varies continuously with the vector field in the weak * topology.
The interested reader can find the proofs of the results mentioned above in the papers listed below, the references therein, and also in one of IMPA's texts [2] for the XXV Brazilian Mathematical Colloquium.
